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ON STICKELBERGER ELEMENTS FOR Q(ζpn+1)
+ AND
p-ADIC L-FUNCTIONS
TIMOTHY ALL
For my parents
Abstract. We give a survey of a couple known constructions of p-
adic L-functions including Iwasawa’s construction from classical Stick-
elberger elements. We then construct “real” Stickelberger elements, i.e.,
explicit elements in the Galois group ring with Zp coefficients that an-
nihilate the Sylow p-subgroup of the ideal class group of Q(ζpn+1)
+. In
analogy with Iwasawa’s work, we show that these elements are coherent
in Zp-towers and give rise to twisted p-adic L-functions.
1. Introduction
Let χ be a Dirichlet character. The L-function attached to χ is defined
on ℜ(s) > 1 by
L(s, χ) =
∞∑
n=1
χ(n)
ns
It would be an understatement to say that these functions play an important
role in algebraic number theory. To illustrate what we mean, let k be an
abelian number field with Galois group Gk. We write Ĝk = HomZ(Gk,C).
By the Kronecker-Weber theorem, k ⊂ Q(ζm) for some minimal positive
integer m, so we may associate Ĝk with a certain subgroup of Dirichlet
characters on (Z/mZ)×. Let hk denote the class number of k, R(k) the
regulator of k, wk the order of the group of roots of unity of k, and dk the
discriminant of k. We have the following classical result:
(1.1)
2r1(2π)r2hkR(k)
wk
√
|dk|
=
∏
χ∈Ĝk
χ 6=1
L(1, χ),
where r1 (resp. r2) is the number of real places (resp. pairs of complex
places) of k. The above formula is a first indication that the L-functions
attached to characters in Ĝk encode fundamental algebraic properties of k.
Of particular interest is the class number hk. This is because many Dio-
phantine equations can be attacked by converting to an ideal equation in
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the ring of integers of an appropriate number field. The classical example is
the Fermat equation: let p be an odd prime (from here on out) and consider
xp + yp = zp. Assuming a non-trivial solution exists, we obtain the ideal
equation
p−1∏
j=0
(x+ yζjp) = (z)
p
in Z[ζp] where ζp = e
2πi/p. Under some additional assumptions, the ideals
(x + yζjp) can be shown to be co-prime, thus (x + ζpy) = a
p for some ideal
a ⊂ Z[ζp]. If p ∤ hk, then this implies that a = (α) is principal. On the other
hand, a relation of the sort x + yζp = ǫα
p for a unit ǫ is impossible. This
type of approach can be applied to many Diophantine equations, and the
quality of hk mod p is often a feature of those arguments.
In order to better understand the quality of hk mod p or, even better,
hk mod p
n, it makes sense considering Equation (1.1) to search for a p-adic
analogue of L(s, χ). In particular, we want a continuous function Lp(·, χ) :
Zp → Cp such that
(1.2) Lp(1− n, χ) = (1− χ(p)pn−1)L(1− n, χ)1
for every integer n > 0 satisfying n ≡ 1 mod p− 1. Such a function is
necessarily unique. Moreover, if χ is odd then Lp(s, χ) is identically zero.
This is because
L(1− n, χ) = −Bn,χ/n,
for all integers n ≥ 1 where the Bn,χ are the generalized Bernoulli numbers.
Specifically, the rational numbers Bn,χ are defined by the following formula:
(1.3)
fχ∑
a=1
χ(a)teat
efχt − 1 =
∞∑
n=0
Bn,χ
tn
n!
,
where fχ is the conductor of χ. But Bn,χ = 0 in the event that n ≡
1 mod p− 1 and χ is odd. Since Lp(1− n, χ) vanishes on a dense subset of
Zp, it follows that Lp(s, χ) is identically zero in this case.
So it would seem p-adic L-functions are naturally suited to comment on
totally real number fields. In fact, we have the following p-adic analogue of
Equation (1.1). For a totally real abelian number field k of degree n over
Q, we have
(1.4)
2n−1hkRp(k)√
dk
=
∏
χ∈Ĝ
χ 6=1
(
1− χ(p)
p
)−1
Lp(1, χ),
where Rp(k) is the p-adic Regulator of k. The quantity Rp(k) is defined
just as R(k) but with the Iwasawa p-adic logarithm replacing the usual
logarithm. Note that the terms Rp(k) and
√
dk are only defined up to a
sign, but Rp(k)/
√
dk can be defined without ambiguity. It is known that
1The “Euler factor” at p must be removed for issues relating to convergence.
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Rp(k) is non-zero for abelian fields and conjectured to be non-zero for all
number fields k, but a proof has yet to be found.
Various constructions of p-adic L-functions have been given over the years,
the first of which was offered by Leopoldt and Kubota [6]. Specifically, they
show that the function
1
s− 1 limn→∞
1
pn[f, p]
pn[f,p]∑
x=1
(x,p)=1
χ(x)
∞∑
n=0
(
1− s
n
)
(〈x〉 − 1)n,
where [f, p] is the least common multiple of f and p, in fact, satisfies Foot-
note 1. Iwasawa [4] famously constructed Lp(s, χ) from the classical Stick-
elberger elements in the theory of cyclotomic fields. As a result of his con-
struction, he showed that there exists a power series F (T ) ∈ Zp(χ)JT − 1K
such that F ((1 + p)s) = Lp(s, χ) where Zp(χ) is the ring of integers of
Qp(χ(1), χ(2), . . .). This result is not only very deep by the nature of its
construction, but it is also very useful.
It is a theme of this article that constructions of p-adic L-functions, and
other related objects, benefit from a certain measure theoretic point of view.
For example, the Leopoldt-Kubota construction revolves around expressing
Lp(s, χ) as the Γ-transform of a measure arising from a certain rational
function related to Equation (1.3). In §2, we outline the notation and setup
to appreciate this measure theoretic viewpoint.
In §3, we discuss Iwasawa’s construction using odd-parts of the classical
Stickelberger elements. In §4, we discuss a new construction that mirrors
that of Iwasawa but takes place in the “plus-part”. In particular, we con-
struct real analogs of Stickelberger elements, i.e., explicit elements in a Ga-
lois group ring with Zp-coefficients that annihilate the Sylow p-subgroup of
the ideal class group of Q(ζpn+1)
+. The Kummer-Vandiver conjecture states
that p ∤ hk+n , so these elements are of particular interest. We then show that
the even-parts of these new Stickelberger elements give rise to twisted p-adic
L-functions. In §5, we summarize and compare results across the previous
sections. Our main result is Theorem 5.6.
2. Preliminaries
Let o be the ring of integers of K, a finite extension of Qp. Let Γ be a
group topologically isomorphic to Zp. We write Γn = Γ/Γ
pn , this gives us
Γ = lim←−Γn under the natural maps. Let γ be a fixed topological generator
for Γ, and write γn for γ mod Γ
pn . For any commutative ring R, we set
RJΓK := lim←−R[Γn],
RJT − 1K := the power series ring with coefficients in R.
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An R-valued distribution on Γ is a collection of maps {µn : Γn → R} with
the following property:
µn(x) =
∑
y 7→x
µn+1(y).
We typically write µ(a+ pnZp) in place of µn(γ
a
n). Let R(Γ) denote the ring
(under convolution) of R-valued distributions. For a continuous function
f : Zp → Cp and a distribution µ ∈ Cp(Γ), we write∫
Zp
f dµ := lim
n→∞
pn−1∑
x=0
f(x)µ(x+ pnZp),
if it exists. The integral is guaranteed to exist if there exists an integer M
such that |µ(x + pnZp)|p < M for all x and n. In this case, we say µ is
bounded. We write Fµ(T ) for the Fourier transform of µ:
Fµ(T ) =
∫
Zp
T x dµ(x) =
∞∑
n=0
(∫
Zp
(
x
n
)
dµ(x)
)
(T − 1)n ∈ CpJT − 1K.
If F ∈ oJT −1K, then there exists a distribution µF whose Fourier transform
is F , specifically
µF (a+ p
nZp) =
1
pn
pn−1∑
x=0
ζ−axpn F (ζ
x
pn).
Finally, for µ ∈ R(Γ), let θµ denote the following element of R[Γn]:
θµ =
(
pn−1∑
a=0
µ(a+ pnZp)γ
−a
n
)
.
The map R(Γ)→ RJΓK defined by µ→ θµ is an isomorphism of rings. Even
better, when R = o, the following isomorphisms fit into a commutative
diagram:
o(Γ) oJT − 1K
oJΓK
µ Fµ
θµ
µF F
θF
given by or
In this setup, γ−1 ∈ oJΓK corresponds to the point-mass distribution centered
at 1. Accordingly, we have γ−1 corresponds to T in oJT−1K, so γ corresponds
to 1/T ∈ oJT − 1K.
Alternatively, we have oJΓK ≃ oJXK induced by the Iwasawa isomorphism
o[Γn]→ oJXK/(1 − (1 +X)pn)
γn 7→ 1 +X mod 1− (1 +X)pn .
If µ is the o-valued distribution underlying θµ ∈ oJΓK, we write Iµ(X) ∈ oJXK
to denote the corresponding power series under the Iwasawa isomorphism.
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In this setup, γ corresponds to 1 +X. Altogether, we have oJΓK ≃ oJXK ≃
oJT − 1K via γ 7→ 1 +X 7→ T , so
Iµ(X) = Fµ
(
1
X + 1
)
and Fµ(T ) = Iµ
(
1
T
− 1
)
.
Any x ∈ Z×p can be written as a product of a p − 1-st root of unity
ω(x) and an element 〈x〉 ∈ 1 + pZp. We naturally think of ω as a Dirichlet
character of conductor p. For a distribution µ ∈ o(Γ), we define the Gamma
transform of µ, denoted Gµ(s), by
Gµ(s) =
∫
Z×p
〈x〉s dµ(x).
As mentioned before, this measure-theoretic language facilitates the types
of interpolation problems encountered when constructing Lp(s, χ). For ex-
ample, let o be the ring of integers of a finite extension of Zp containing the
values of the Dirichlet character χ. Let c > 1 be an integer co-prime to p,
and let χc be the function defined by
χc(a) =
{
χ(a), c ∤ a
χ(a)(1 − c), c | a.
Let F (T ) be the rational function
F (T ) =
∑fχ
a=1 χc(a)T
a
1− T fχ .
One can show that F (T ) ∈ oJT − 1K (by virtue of our definition for χc),
so let µF ∈ o(Γ) be the corresponding distribution. By differentiating the
defining formula for F , we see that for non-negative integers k∫
Zp
xk dµF (x) =
(
T
d
dT
)k
F (T )
∣∣∣∣∣
T=1
.
In particular, this gives us∫
Zp
xk dµF (x) =
dk
dzk
F (ez)
∣∣∣∣
z=0
= L(−k, χc).
The last equality in the above follows from the fact that the coefficient on
zk/k! in the Laurent expansion of F (ez) at z = 0 is equal to L(−k, χc)
where L(s, χc) is the analytic continuation of the Dirichlet series defined for
ℜ(s) > 1 by
L(s, χc) =
∞∑
n=1
χc(n)
ns
.
From the above expression, we get that
L(−k, χc) = (1− χ(c)ck+1)L(−k, χ).
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The Gamma transform GµF (s) is an interpolation of the integrals of x
k with
respect to µF . Taking the limit over integers k such that k → s (p-adically)
and k ≡ 0 mod p− 1, we see that
lim
∫
Zp
xk dµF (x) =
∫
Z×p
〈x〉s dµF (x).
Whence
(2.1)
GµF (s)
1− χ(c)〈c〉s+1 = Lp(−s, χ).
The fact that the p-adic L-function is the Gamma transform of a rational
function was a crucial ingredient in Sinnott’s proof [10] of the vanishing of
the µ-invariant for the cyclotomic Zp-extension of an abelian number field.
3. The Minus Side
From Equation (2.1), one can deduce that there are elements G,H ∈
oJT − 1K such that
Lp(−s, χ) = G(κ
s)
H(κs)
,
where κ is a fixed generator for 1 + pZp. The fact that this is true was
originally proven by Iwasawa [4], though he proves even more. In particular,
if χ (resp. ψ) is a tame (resp. wild) character, then there exists Gχ,Hχ ∈
oJT − 1K such that
Lp(s, χψ) =
Gχ(ζψκ
s)
Hχ(ζψκs)
where ζψ = ψ
−1(κ). This is a very important result for a number of reasons.
For example, the right hand side of Equation (1.4) can now be expressed
with a handful of power series. This allows one to study the growth of the
class number of kn and k
+
n as n grows (see [5]).
For clarity of exposition, we restrict ourselves to the following special case.
Let kn = Q(ζpn+1). We have the decomposition
W × U = Z×p
whereW is the set of p−1-st roots of unity in Zp and U = 1+pZp. We write
σa to denote the automorphism ζpn+1 7→ ζapn+1 in Gn = Gal(kn/Q). For any
x ∈ Zp, we write sn(x) to denote the unique integer in the interval [0, pn+1)
satisfying sn(x) ≡ x mod pn+1. Then sn provides an onto morphism
Z×p → Gn
x 7→ σsn(x).
Let γn = σsn(κ) ∈ Gal(kn/k0) = Γn, so we have
ζ
σsn(ζκa)
pn+1
= ζζκ
a
pn+1
= ζ
σsn(ζ)γ
a
n
pn+1
.
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3.1. Stickelberger Elements. Let ℓ be a rational prime congruent to
1 mod pn+1. Let τ be a generator for Gal(kn(ζℓ)/kn), and consider the
Gauss sum
gn(ℓ) = −
ℓ−1∑
b=1
ζbpn+1ζ
τb
ℓ .
If λ is a prime of kn above ℓ, then for some integer c with (c, p) = 1, one
shows that gn(ℓ)
cσ−1c −1 ∈ kn and(
gn(ℓ)
cσ−1c −1
)
= λ(c−σc)θn ,
where θn is the group ring element
1
pn+1
pn+1∑
a=1
(a,p)=1
aσ−1a ∈ Q[Gal(kn/Q)].
The factorization of gn(ℓ) was originally of interest because of problems
pertaining to reciprocity, but upon further inspection it’s quite peculiar.
After all, if we change the prime ℓ, the group ring element θn still remains!
This gestalt shift in viewing the factorization of the Gauss sums gn(ℓ) leads
us to
Theorem 3.1 (Stickelberger). For any β ∈ Z[G] such that βθn ∈ Z[G], (for
instance, let c ∈ Z such that (c, p) = 1 and take β = (c− σc)), we have that
βθn annihilates the ideal class group of kn.
This result allows us to investigate the class group of kn using an element
that only depends on the conductor of kn. See [9] for more information on
Stickelberger elements in the “minus-part”.
3.2. p-adic L-functions. Let χ be a non-trivial character ofW ≃ Gal(k0/Q),
and let eχ denote the idempotent
1
|W |
∑
ζ∈W
χ(ζ)σ−1sn(ζ).
Let θn(χ) ∈ Qp[Γn] denote the χ-component of the Stickelberger element θn:
eχθn = θn(χ)eχ. We have
θn(χ) =
pn−1∑
a=0
 −1
pn+1
∑
ζ∈W
sn(ζκ
a)χ(ζ)−1
 γ−an .
Lemma 3.2 (Iwasawa). The elements θn(χ) are coherent, i.e., the sequence
(θn(χ)) belongs to QpJΓK.
Proof. The elements θn(χ) are coherent if and only if the map
µχθ (a+ p
nZp) =
−1
pn+1
∑
ζ∈W
sn(ζκ
a)χ(ζ)−1
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forms a distribution. Note that
p−1∑
i=0
µχθ (a+ ip
n + pn+1Zp) =
−1
pn+2
∑
ζ∈W
(
p−1∑
i=0
sn+1(ζκ
a+ipn)
)
χ(ζ)−1,
while
sn+1(κ
a+ipnζ) = sn(ζκ
a) + s0(xn+1 + iy0)
where xn+1 (resp. y0) is the n + 1-st (resp. 0-th) coordinate in the p-
adic expansion of ζκa (resp. ζ). As i varies between 0 and p − 1, so does
s0(xn+1 + iy0), hence
p−1∑
i=0
sn+1(ζκ
a+ipn) =
p(p− 1)
2
.
Since χ 6= 1, it follows that
p−1∑
i=0
µχθ (a+ ip
n + pn+1Zp) = µ
χ
θ (a+ p
nZp).
This completes the proof of the lemma. 
Remark 3.3. If χ 6= 1 is even, then
µχθ (a+ p
nZp) =
−1
pn+1
∑
ζ∈W
sn(−ζκa)χ(ζ)−1.
But sn(−x) = pn+1 − sn(x) which implies µχθ (a + pnZp) = −µχθ (a + pnZp).
So if χ is even, then µχθ (a + p
nZp) = 0 for all a. This shows us that in
order to obtain interesting results, we must take χ to be an odd character.
Therefore, we assume χ is odd for the remainder of this section.
Now that we have a coherent sequence θn(χ) and a matching distribution
µχθ we’d like to know what analytic functions come with them. But unfor-
tunately, µχθ is generally an unbounded distribution. On the other hand,
this distribution was born out of Stickelberger elements and we know how
to integralize them. To boot, the integralizers 1−cσ−1c are, in fact, coherent
themselves! This is a crucial observation.
Let c be an integer not equal to ±1. Let θn(χc) denote χ-component of
(1− cσ−1c )θn:
θn(χc) =
pn−1∑
a=0
 −1
pn+1
∑
ζ∈W
rn(ζκ
a)χ(ζ)−1
 γ−an
where for every x ∈ Zp
rn(x) =
sn(x)− sn(xc−1)c
pn+1
∈ Z.
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Using the Fourier transform and the fact that under this map γ−an 7→ T a mod
1− T pn , we get
Fχcθ (κ
m−1) ≡ −
pn−1∑
a=0
∑
ζ∈W
rn(ζκ
a)χ(ζ)−1κa(m−1) mod pn+1
≡ −
pn+1∑
b=1
(b,p)=1
bm−1rn(b) · χ∗ω−m(b)
where χχ∗ = ω. The last line follows from the fact that ζκa(m−1) =
ω−m+1(ζ)(ζκa)m−1. Notice the change in parity; χ∗ is an even character.
The idea here is to try to take advantage of the following fact
lim
n→∞
1
pn+1
pn+1∑
b=1
(b,p)=1
bm · χ∗ω−m(b) = (1− χ∗ω−m(p)pm−1)Bm,χ∗ω−m .
We use the congruence
bm−1rn(b) · χ∗ω−m(b) ≡ 1
mpn+1
(
sn(b)
m − sn(bc−1)mcm
)
mod pn+1
to obtain
Fχcθ (κ
m−1) ≡ −(1− c
mχ∗ω−m(c))
m
· 1
pn+1
pn+1∑
b=1
(b,p)=1
bm · χ∗ω−m(b) mod pn+1.
Taking limits we get
Fχcθ (κ
m−1)
1− cm · χ∗ω−m(c) = Lp(1−m,χ
∗).
Choose c so that 〈c〉 = κ. Then we have
Theorem 3.4 (Iwasawa [4]). Let Lχ
θ−
(T ) be the function defined by
Lχ
θ−
(T ) =
Fχcθ (T )
1− κcχ−1(c) · T .
Then Lχ
θ−
(κs) = Lp(−s, χ∗).
Remark 3.5. So the p-adic L-function attached to χ∗ (an even character)
arises from the inverse limit of the χ-parts (an odd character) of the classical
Stickelberger elements θn. Note that we can choose c so that 1−κcχ−1(c) ·T
is invertible (in ZpJT − 1K) if and only if χ 6= ω. So if χ 6= ω (i.e., χ∗ 6= 1),
we have Lχ
θ−
(T ) ∈ ZpJT − 1K and the isomorphisms
(3.1)
Zp(Γ)
(µχθ )
≃ ZpJΓK(
θ(χ)
) ≃ ZpJT − 1K(
Lχ
θ−
(T )
) .
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This is a very satisfying result. Given Equations (1.1) and (1.4) and a
host of other instances where L-functions appear to comment on algebraic
structure, one wonders whether it’s all just a cosmic coincidence or if it’s
a symptom of a deeper connection. This theorem points us towards the
latter. In lieu of Theorem 3.1, one might even dare to hope that Lχ
θ−
(T )
is essentially the characteristic of the ZpJΓK ≃ ZpJT − 1K-module eχ lim←−An
where An denotes the p-part of the class group of kn. Miraculously, this is
all true and proven by Mazur and Wiles [7].
Since Lχ
θ−
(T ) annihilates eχ lim←−An, it follows that the twisted power series
Lχ
θ−
(
1
κT
)
annihilates eχ∗ lim←−A
+
n where A
+
n denotes the p-part of the class
group of k+n . Here’s why: consider the χ
∗-part of X∞, the Galois group
of the maximal abelian pro-p extension of Q(ζp∞)
+ unramified outside p.
Note that eχ∗X∞ contains eχ∗ lim←−A
+
n as a quotient, what’s more, eχ∗X∞
is isomorphic to the Kummer dual of the χ-part of lim−→An. But this latter
module is essentially a twisted version of eχ lim←−An from which we may derive
the claimed annihilation.
In the next section, we construct explicit annihilators of A+n for every
level n ≥ 0 in the vein of the classical Stickelberger theorem. We begin with
an explicit element that could be considered a “real” Gauss sum, and we
explain how the factorization of this element gives rise to annihilators of A+n .
These are new and build upon our work in [1]. We then show that these
annihilators can be induced to give rise to the aforementioned twisted p-adic
L-functions in a manner that parallels Iwasawa’s work. This is interesting
in its own right, but also indicates that these annihilators are, in a sense,
full bodied.
4. The Plus Side
Let k+n denote the maximal real subfield of kn, and associate Γn with
Gal(k+n /k
+
0 ). For every positive integer n, we let
δn(T ) =
ζgκ
pn+1
− T
ζpn+1 − T
where g is a primitive root mod p. We write δn for δn(1), Kn for Qp(ζpn+1),
and on for Zp[ζpn+1 ], the valuation integers of Kn.
4.1. Stickelberger Elements. Let ℓ be a rational prime congruent to
1 mod pn+1, and let τ be a generator for Gal(k+n (ζℓ)/k
+
n ). Consider the
“Gauss sum”
g+n (ℓ) = −
ℓ−1∑
b=1
δn(ζℓ)
Nbζτ
b
ℓ
where
Nb = 1 + τ + · · · + τ b−1 ∈ Z[Gal(k+n (ζℓ)/k+n )].
The following lemma explains why we call this a Gauss sum.
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Lemma 4.1. The element g+n (ℓ) is non-zero for some choice of ζℓ. What’s
more, we have δn(ζℓ) · g+n (ℓ)τ = g+n (ℓ).
Proof. Let ζℓ = e
2πi/ℓ. Let B be the (ℓ− 1)× (ℓ− 1)-matrix
B =

1 1 · · · 1
ζτℓ ζ
τ2
ℓ · · · ζτ
ℓ−2
ℓ
...
...
. . .
...
ζℓ−2ℓ ζ
(ℓ−2)τ
ℓ · · · ζ(ℓ−2)τ
ℓ−2
ℓ

Now let A be the matrix B with the first row removed. Since detB 6= 0, it
follows that dimkerA = 1. In fact, kerA is the span of the column vector 1− ζℓ...
1− ζτℓ−2ℓ
 , so A ·
 δn(ζℓ)
N1
...
δn(ζℓ)
Nℓ−1
 = ~0 implies that δn(ζℓ) = 1− ζτℓ
1− ζℓ .
Now, using the fact that Nb · τ = Nb+1 − 1, we see that
g+n (ℓ)
τ = −δn(ζℓ)−1
ℓ∑
c=2
δn(ζℓ)
Ncζτ
c
ℓ .
Since Nℓ = N +N1 where N is the norm, and δn(ζℓ)
N = 1 (see [1, Theorem
3.1]) , our lemma follows. 
Remark 4.2. Note that if one replaces k+n with kn and δn(ζℓ) with ζpn+1 ,
then we obtain the classical Gauss sum gn(ℓ).
The fact that (g+n (ℓ)) is what Hilbert would call an “ambiguous” ideal
is what enables its factorization to illuminate ideal relations; much like the
classical Gauss sum gn(ℓ). Unlike the classical case, the part of the factor-
ization of g+n (ℓ) that depends on ℓ is much more difficult to isolate.
Toward that end, let α : E+n → Zp[Gal(k+n /Q)] be a Galois module map
where E+n denotes the units of k
+
n and fix an ideal class c in the Sylow p-
subgroup of C(k+n ), the ideal class group. For every integer m > n, let αm(x)
denote the group ring element of Z[Gal(k+n /Q)] arrived at by applying the
map sm to the coefficients of α(x). Then there exists a rational integer
ℓ ≡ 1 mod pm and a prime ideal λ | ℓ of k+n , such that(
N(g+n (ℓ))
α˜
)
= λαm(δn)bℓ−1
where b is some integral ideal, λ ∈ c, and α˜ is, for lack of a better word,
a “fudge-factor”. It follows that α(δn) annihilates C(k
+
n ) ⊗ Zp. In fact,
it’s shown in [1, Theorem 3.8] that if α : E+n → on[Gal(k+n )/Q] is a Galois
module map, then α(δn) annihilates C(k
+
n ) ⊗ on. These ideas find their
beginnings in a paper of Thaine [11] (see also [8]).
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So all we need for a Stickelberger-esque theorem in this setting is an
explicit map α to complete the recipe. Consider the map
α : k×n → Kn[Gal(kn/Q)]
x 7→
pn+1∑
a=1
(a,p)=1
logp(x
σa)σ−1a ,
where logp is the Iwasawa logarithm. LetWn ⊆ En denote the roots of unity
of kn contained in the units of kn, respectively. Since En =WnE
+
n , it follows
that α(En) = α(E
+
n ). We let on[Gal(kn/Q)] act on any on[Gal(k
+
n /Q)]-
module by restriction. Let Θn = α(δn). The element Θn is a handsome
analog of the classical Stickelberger element:
Theorem 4.3 ( [1, Theorem 1.1]). For any β ∈ Kn[Gal(kn/Q)] such that
β · α(En) = β · α(E+n ) is contained in on[Gal(kn/Q)], we have that βΘn
annihilates C(k+n )⊗ on.
4.2. p-adic L-functions. Now, let χ 6= 1. Let Θn(χ) ∈ Kn[Γn] denote the
χ-component of the real Stickelberger element Θn. Note that
Θn|k+n =
pn−1∑
a=0
∑
ζ∈W/±1
logp
(
δ
σsn(ζκa)+σsn(−ζκa)
n
)
σ−1sn(ζ)γ
−a
n .
So if χ is odd, then Θn(χ) = 0. So we can only get interesting results if χ
is an even character in this setting. Therefore we assume χ is even for the
remainder of this section. In this case, we have
Θn(χ) = (χ(g)γn − 1)
pn−1∑
a=0
∑
ζ∈W
logp
(
1− ζζκa
pn+1
)
χ−1(ζ)
 γ−an .
Lemma 4.4. The elements Θn(χ) are coherent, i.e., the sequence (Θn(χ))
belongs to CpJΓK.
Proof. The elements Θn(χ) are coherent if and only if the map
M(a+ pnZp) =
∑
ζ∈W
logp
(
1− ζζκa
pn+1
)
χ−1(ζ)
forms a distribution since the sequence (χ(g)γn − 1) is coherent. Since
κa+ip
n ≡ κi(1 + ipn+1) mod pn+2, we have
p−1∑
i=0
M(a+ ipn + pn+1Zp) =
∑
ζ∈W
χ−1(ζ)
p−1∑
i=0
logp
(
1− ζχ(ζ)κa+ip
n
pn+2
)
=
∑
ζ∈W
χ−1(ζ) logp
p−1∏
i=0
(
1− ζχ(ζ)κa
pn+2
ζ iχ(ζ)p
)
.
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Applying the relation
(4.1)
p−1∏
i=0
(
x− yζ ip
)
= xp − yp,
we get that M is a distribution, as claimed. 
Now, Θn(χ) is a coherent sequence and consequently we have a distri-
bution µχΘ, but as in the classical setting, µ
χ
Θ is an unbounded distribution.
What we need now is a collection of elements βn(χ) ∈ on[Γn] that integralize
the elements Θn(χ); something akin to 1−cσ−1c . For a fixed η ∈W , consider
υn(χ) =
pn−1∑
a=0
∑
ζ∈W
logp
(
η − ζζκa
pn+1
)
χ−1(ζ)
 γ−an .
Since ηp = η, the same proof that shows Θn(χ) are coherent also shows that
υn(χ) are coherent. The element υn(χ) has an inverse in Kn[Γn], say βn(χ),
if and only if the ψ-part of υn(χ) is non-zero for every ψ ∈ Γ̂n. Specifically,
let eψ denote the idempotent
eψ =
1
pn
pn−1∑
a=0
ψ(κa)γ−an .
Let υn(χψ) ∈ Kn such that eψυn(χ) = υn(χψ)eψ . We have
υn(χψ) =
pn−1∑
a=0
µχυ(a+ p
nZp)ψ
−1(κa) =
∫
Zp
ζxψ dµ
χ
υ(x),
where ζψ = ψ
−1(κ). So if for all ψ ∈ Γ̂n we have υ(χψ) 6= 0, then βn(χ)
exists. In particular, we have
βn(χ) =
∑
ψ∈Γ̂n
eψ
υn(χψ)
=
pn−1∑
a=0
 1
pn
∑
ψ∈Γ̂n
ψ(κa)∫
Zp
ζxψ dµ
χ
υ(x)
 γ−an .
Let µχβ be the associated distribution. The convolution µ
χ
β ∗µχΘ evaluated at
a+ pnZp is
pn−1∑
b=0
µχΘ(a+ p
nZp)
 1
pn
∑
ψ∈Γ̂n
ζb−aψ∫
Zp
ζxψ dµ
χ
υ
 .
Recollecting terms we arrive at
(4.2) βn(χ)Θn(χ) =
pn−1∑
a=0
 1
pn
∑
ψ∈Γ̂n
ζ−aψ ·
∫
Zp
ζxψ dµ
χ
Θ(x)∫
Zp
ζxψ dµ
χ
υ(x)
 γ−an .
We write ϑn(χ) for βn(χ)Θn(χ) and µ
χ
ϑ for the associated distribution. For
any choice of η (including η = 1) and any choice of c ∈ Z×p , it’s straight-
forward to verify that µχϑ is inert under σc. So µ
χ
ϑ is Qp-valued. In fact,
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as we shall see, µχϑ is Zp-valued so Equation (4.2) describes an explicit and
coherent sequence of annihilators in ZpJΓK of C(k
+
n )⊗ Zp.
Proposition 4.5. For some choice of p−1-st root of unity η, the distribution
µχϑ is Zp-valued.
Proof. Let Un denote the principal units ofKn and Cn the topological closure
of the principal circular units of kn in Un. There is a choice of η such that
un =
(
η − ζpn+1
ω(η − 1)
)eχ
is a Zp[Γn] generator for eχUn (see [3, 12]). What’s more, the element
cn =
(
ζ
(1−gκ)/2
pn+1
ζgκ
pn+1
− 1
ζpn+1 − 1
)(p−1)·eχ
is a Zp[Γn] generator for eχCn (see [9] for more on circular units). The
definition for α extends to a map A : K×n → Kn[Γn] defined in exactly the
same way. Since A is a Galois map and logp vanishes at roots of unity, it
follows that A(un) = υn(χ) and
A(cn) = (p − 1)Θn(χ).
Let ϑn(χ) ∈ Zp[Γn] such that u(p−1)ϑn(χ)n = cn. Then
ϑn(χ)υn(χ) = Θn(χ).
Note that∫
Zp
ζxψ dµ
χ
Θ(x) = (χ(g)ζ
−1
ψ − 1) ·
pn+1∑
a=1
(a,p)=1
logp
(
1− ζapn+1
)
χψ(a)−1 6= 0
since χ 6= 1 and Lp(1, χψ) 6= 0. So it must be that∫
Zp
ζxψ dµ
χ
υ(x) 6= 0,
Hence υn(χ) is invertible in Kn[Γn]. This gives us
βn(χ)Θn(χ) = ϑn(χ) ∈ Zp[Γn],
as desired. 
As noted before, this gives us the following
Corollary 4.6. The sequence
(
ϑn(χ)
)
in ZpJΓnK is such that ϑn(χ) anni-
hilates eχ · (C(k+n )⊗ Zp).
Now, let Iχϑ denote the power series in ZpJXK obtained from
(
ϑn(χ)
)
through the Iwasawa transform. Iwasawa [3] (see also [12, Theorem 13.56])
showed that there exists S(X) ∈ ZpJXK× such that
Iχϑ (κ
s − 1)
S(κs − 1) = Lp(1− s, χ).
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Let (ςn) ∈ ZpJΓK such that Iς(X) = S(X). Then
Lp(1− s, χ) =
Iχϑ (X)
Iς(X)
∣∣∣∣
X=κs−1
=
Fχϑ (T )
Fς(T )
∣∣∣∣
T=κ−s
This gives us the following
Theorem 4.7. Let Lχ
θ+
(T ) be the function defined by
Lχ
θ+
(T ) =
Fχϑ (T )
Fς(T )
.
Then Lχ
θ+
(κ−s) = Lp(1− s, χ).
Remark 4.8. So the p-adic L-function attached to χ (an even character)
arises from the inverse limit of the χ-parts of the real Stickelberger elements
ϑn. As before, for χ 6= 1, we have Lχθ+(T ) ∈ ZpJT −1K and the isomorphisms
(4.3)
Zp(Γ)(
µχϑ
) ≃ ZpJΓK(
ϑn(χ)
) ≃ ZpJT − 1K(
Lχ
θ+
(T )
) .
5. Comparison
Let χ be an odd character not equal to ω, so χ∗ 6= 1. From Equations (3.1)
and (4.3) we get the following theorem.
Theorem 5.1. For all s ∈ Zp, we have
Lχ
θ−
(
κ−s
)
= Lp
(
s, χ∗
)
= Lχ
∗
θ+
(
κs−1
)
.
Consider the map ι : ZpJT − 1K → ZpJT − 1K defined by
ι : F (T ) 7→ F
(
1
κT
)
.
The map ι is well-defined since 1κT ∈ 1 + (p, T − 1), what’s more, ι is an
involution. Hence, ι is an automorphism of ZpJT − 1K. This gives us the
following
Corollary 5.2. We have the following equality of power series:
Lχ
θ−
(
1
κT
)
= Lχ
∗
θ+
(T ) ∈ ZpJT − 1K.
Proof. This follows immediately from the fact that Lχ
θ−
(1/(κT )) − Lχ∗
θ+
(T )
vanishes on a neighborhood of 1 and the Weierstrass preparation theorem
in ZpJT − 1K. 
The elements θ+n (χ
∗), the sequence of group ring elements corresponding
to Lχ
∗
θ+
(T ), are of interest for the following reason.
Proposition 5.3. For every non-negative integer n, the elements θ+n (χ
∗)
annihilate eχ∗ (C(k
+
n )⊗ Zp).
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Proof. From Corollary 4.6, we know that ϑn(χ
∗) annihilates eχ∗ (C(k
+
n )⊗ Zp).
Since Fς(T ) is an invertible power series in ZpJT−1K, it follows that ς = (ςn)
is invertible in ZpJΓK. So ςn ∈ Zp[Γn] is invertible. It follows that if ϑn(χ∗)
annihilates eχ∗ (C(k
+
n )⊗ Zp), then so must ϑn(χ∗) · ς−1n = θ+n (χ∗). 
Using Theorem 5.1, we can derive an explicit expression for µχ
∗
θ+ which,
in turn, gives an explicit expression for ϑ+n (χ). Before giving this formula,
we describe a little notation. Let 1a+pnZp(x) denote the indicator function
for a + pnZp; 1a+pnZp(x) = 1 if x ∈ a + pnZp and 0 otherwise. For any
distribution µ ∈ Zp(Γ), and any continuous function f , we define∫
a+pnZp
f(x) dµ(x) =
∫
Zp
1a+pnZp(x)f(x) dµ(x).
For any constant b ∈ Zp, the distribution µ ◦ b is defined by
(µ ◦ b)(a+ pnZp) = µ(ab+ pnZp).
We write dµ(bx) for d(µ ◦ b)(x).
Theorem 5.4. The distribution µχ
∗
θ+
is given by
µχ
∗
θ+
(a+ pnZp) =
∫
a+pnZp
κx dµχ
θ−
(−x).
Proof. We compute the Fourier transform of the measure given in the the-
orem. Note that∫
Zp
T x dµχ
∗
θ+
(x) = lim
n→∞
pn−1∑
a=0
T a
∫
a+pnZp
κx dµχ
θ−
(−x)
= lim
n→∞
pn−1∑
a=0
(κT )a
∫
a+pnZp
κx−a dµχ
θ−
(−x).
Consider the integral in the expression above. Let b ∈ a + pnZp and write
b = a + cpn where c ∈ Zp. For any c, we have κcpn = 1 + cnpn+1 for some
cn ∈ Zp. It follows that∫
a+pnZp
κx−a dµχ
θ−
(−x) = µχ
θ−
(−a+ pnZp) + yn(a)pn+1
for some yn(a) ∈ Zp. Hence∫
Zp
T x dµχ
∗
θ+
= lim
n→∞
pn−1∑
a=0
(κT )aµχ
∗
θ−
(−a+ pnZp) + pn+1(κT )ayn(a)
= lim
n→∞
pn−1∑
a=0
(κT )−aµχ
θ−
(a+ pnZp)
= Lχ
θ−
(
1
κT
)
.
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The theorem now follows from Theorem 5.1. 
Remark 5.5. Written out explicitly we have
µχ
∗
θ+
(a+ pnZp) = lim
m→∞
pm−n−1∑
c=0
κa+cp
n
 −1
pn+1
∑
ζ∈W
sn(ζκ
−a−cpn)χ(ζ)−1
 .
We summarize what we’ve shown in the following theorem.
Theorem 5.6. Let χ 6= ω be an odd character and χ∗ = χ−1ω. Then
eχ (C(kn)⊗ Zp)θ
−
n (χ) = 0
eχ∗
(
C(k+n )⊗ Zp
)θ+n (χ∗) = 0 = eχ∗ (C(k+n )⊗ Zp)ϑn(χ∗)
The annihilators above are explicitly described in the following table along
with their isomorphic images in ZpJT − 1K and Zp(Γ):
ZpJT − 1K Zp(Γ) ZpJΓK
Lχ
θ−
(T )
−1
pn+1
∑
ζ∈W
sn(ζκ
a)χ(ζ)−1
︸ ︷︷ ︸
=µχ
θ−
(a+pnZp)
pn−1∑
a=0
µχ
θ−
(a+ pnZp)γ
−a
n︸ ︷︷ ︸
=θ−n (χ)
Fς(T )L
χ∗
θ+
(T )
1
pn
∑
ψ∈Γ̂n
ζ−aψ ·
∫
Zp
ζxψ dµ
χ∗
Θ (x)∫
Zp
ζxψ dµ
χ∗
υ (x)︸ ︷︷ ︸
=µχ
ϑ
(a+pnZp)
pn−1∑
a=0
µχ
∗
ϑ (a+ p
nZp)γ
−a
n︸ ︷︷ ︸
=ϑn(χ∗)
Lχ
∗
θ+
(T )
∫
a+pnZp
κx dµχ
θ−
(−x)︸ ︷︷ ︸
µχ
∗
θ+
(a+pnZp)
pn−1∑
a=0
µχ
∗
θ+
(a+ pnZp)γ
−a
n︸ ︷︷ ︸
θ+n (χ∗)
Moreover, we have
Lχ
θ−
(
κ−s
)
= Lp
(
s, χ∗
)
= Lχ
∗
θ+
(
κs−1
)
.
The expressions for θ+n (χ
∗) and ϑn(χ
∗) are interesting as they may shed
some new light on the quality of C(k+n ) ⊗ Zp. Can θ+n (χ∗) be made more
explicit? And what about ϑn(χ
∗). In a recent paper [2], Waller and the
author showed that although the distributions µχ
∗
Θ and µ
χ∗
υ are unbounded
in value they nonetheless form C1(Zp) functionals through Volkenborn inte-
gration. In fact, the Fourier transform of µχ
∗
β interpolates the kind of Gauss
sums that appear in formulas for Lp(1, χ
∗). Can they be used to shed light
on the nature of ϑn(χ
∗)? We hope to address these questions in the future.
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